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What is optimization?

minignize f (p)

» Optimization variables ! ' #'
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» Objective function $% # & #
| "#$#%&60713&+-,$3&5,8&21-"223&1(1,6&"*"-$.3&"--(-&*(-523&" 1/#

—

"~ \
\ EXASCAHALE

) —) COMPUTING
PROJECT

2 ATPESC 2021, August 1 - 13, 2021 \(




What is optimization?

minimize f (p)
p
9:0546070/,10(*%6&$ 02&50*050;"+&<="-%% ! (#) &'

O Gradient-free: >")-0210/&2",-/=&1=-()$=4& 24,/"
1 ?,2.&1(&)2"3&*(&2"*2010@01.&,*,6.202&-"A)0-"+

9 Gradient-based: BO*+&2",-/=&+0-"/10(*2&',2"+&(*&p !
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Why do we care?
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Why do we care?
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Why do we care?
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Outline

* Introduction to Gradient-Based Optimization
— Sequential Quadratic Programming
— Sensitivity Analysis

* Introduction to TAO
— Sample main program
— User/problem callback function

* Hands-on Examples: Rosenbrock Equation
" #89%8&' ()%* (+,-.(/*()01+%('$
I 2.,0%$%&'()%*(+,-.(/*()01+%('$
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Intro to Numerical Optimization

minignize f (p)

9141050;,10(*&@,-0,'6"2& ( )
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Sequential Quadratic Programming

for I_<:O,1,2,. .. do 9 2(6)10(*&,1&&' Ol"-,lO(*##
mJn fi + d’ Ok T 0.5d" H,d 9 P-+0"1& » & %! (#4)
min ! (')=f(p+!d 9 >"220,*& 4 & % ! (#)
Pt ! Pt L 9 " -1=8+0-710(€, ()"
end for 9 :1"4&6"*$1=&

9 N"46,/"&(-0$0*,6&4-('6"58<01=8&,&2"A)"*/"&(7&A),+-,10/&2)'4-('6"52
| :(6)10(*&$0@"*&' & & - . ¥ a1
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Sequential Quadratic Programming

for I_<:O,1,2,. .. do 9 1(6)10(*&,1&&' Ol"-,lO(*##
mdln fr + d’ Ok T 0.5d" H,d 9 P-+0"1& » & %! (#4)
min ! (')=f(p+!d 9 >"220,*& 4 & % ! (#)
pee1 | P+ 9 1",-1=8+0-"/10("&, ()
end for 9 :1"4&6"*$1=&

9 Q077"-"*1&,44-(805,10(*2&1(&2",-/=&+0-"/10(*&.0"6+&+077"-"*1&,6$(-01=52
| Newton’s method: , & - . 3% ,3&*(&,44-(805,10(*
I Quasi-Newton:, & - 3,/ 4 <01=&. 4 . fg%',Z"+&(*& 1="&2"/,*1&/(*+010(*
I Conjugate Gradient: , » & - / 4 5 64, #50,<01=&+"70*0*$&+077"-"*1&CP&)4+,1"2
| Gradient Descent: , & - / 43&-"46,/"&>"220,*&<01=&0+"*101.
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PDE-Constrained Optimization

minimize f (p, u)

p,u ‘ miniFr)nize f (p, u(p))

subjectto R(p,u)=0

Full-Space Formulation Reduced-Space Formulation
9:1,1"&@,-0,'6"2& ( ) ) 9:11"&@,-0,'6"2&,-"&05460/01&
9:1,1"&"A),10(*2&8*) ") + ) ) N*/10(*2&(7&4,-,5"1"-2

ON"H)/"+ [24,/'&7(-5)6,10(*&"*,'6"28)2"&(7&/(*@"*10(*,6&8)*/(*21-,0*"+&
(41050;,10(*&,6$(-01=52&1(8&2(6@"TWRQ?D-,0*"+&4-('6"52

97,/=&-"+)/"+ [24,/'&7)*/10(*&"@,6),10(*&-"A)0-"2&,&7)66&RQ?&2(6)10(*
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=PETSc A"ATAO Toolkit for Advanced Optimization

» General-purpose continuous optimization toolbox for large-
scale problems

— Parallel (via PETSc data structures)

— Gradient-based

— Bound-constrained

— Nonlinear/general constraint support under development
— PDE-constrained problems w/ reduced-space formulation

* Distributed with PETSc (https://petsc.org)

« Similar packages:
— Rapid Optimization Library (https://trilinos.github.io/rol.html)
— HiOP (https://github.com/LLNL/hiop)
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https://petsc.org/
https://trilinos.github.io/rol.html
https://github.com/LLNL/hiop

TAO: The Basics

9:,546"&5,0*&4-(%$-,5

AppCtx user;
Tao tao ;
Vec P;

Petsclnitialize (& argc , & argv ,( char *) 0,help);
VecCreateMPI (PETSC_COMM_WORLDyser.n , user.N , &P);
VecSet (P, 0.0);

TaoCreate (PETSC_COMM_WORLD,t&0 );

TaoSetType (tao, TAOBQNLYS); [* bound - constrained quasi - Newton */
TaoSetlInitialVector (tao , P);
TaoSetObjectiveRoutine (tao , FormFunction , &user);

TaoSetGradientRoutine (tao , FormGradient , &user);
TaoSetFromOptions (tao );
TaoSolve (tao );

VecDestroy (&P);
TaoDestroy (&tao );
PetscFinalize 0;
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TAO: The Basics

9 X2"-&4-(@0+"2&7)*/10(*&7(-&4-('6"5&0546"5"*1,10(*

AppCtx user;
Tao tao ;
Vec P;

Petsclnitialize (& argc , & argv ,( char *) 0,help);
VecCreateMPl (PETSC_COMM_WORLDyser.n , user.N , &P);
VecSet (P, 0.0);

TaoCreate (PETSC_COMM_WORLD,t&0 );

TaoSetType (tao , TAOBQNLS); [* bound - constrained quasi - Newton */
TaoSetlInitialVector (tao , P X
TaoSetObjectiveRoutine (taofg FormFunction , guser);
TaoSetGradientRoutine (tao ,j FormGradient , &@ser);
TaoSetFromOptions (tao );
TaoSolve (tao );

VecDestroy (&P);
TaoDestroy (&tao );
PetscFinalize 0;
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TAO: User Function

9 X2"-&7)*/10(*2&/(54)1"&('J"/10@"&,*+&$-,+0"*1

VecRestoreArrayRead (P, &pp);

return

0;

typedef  struct  {
[*user - created context for storing application data */
} AppCix ;
PetscErrorCode FormFuncton (Tao tao, Vec P, PetscReal *fcn, void *ptr )
{
AppCtx *user=(  AppCtx *) ptr ;
const PetscScalar  *pp;
VecGetArrayRead (P, &pp);
/* USER TASK: Compute objective function and store in fcn */

15 ATPESC 2021, August 1 - 13, 2021

PetscErrorCode FormGradient (Tao tao, Vec P, Vec G, void *ptr )
{
AppCtx *user=(  AppCtx *) ptr ;
const PetscScalar *Pp;
PetscScalar *gg;
VecGetArrayRead (P, &pp);
VecGetArray (G, &g9);
/* USER TASK: Compute compute gradient and store in gg */
VecRestoreArrayRead (P, &pp);
VecRestoreArray (G, &g9);
return  O;
}
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TAO: User Function

9 Objective evaluation:
I C(54)1"& ! "#%,1&50@#&
O Sensitivity analysis:
I C(54)1"& 9 & %! ,1&30@#&
9 (ADVANCED) Second-order Methods:
| C(54)1"& . & %! ,1&$0@#&
I X2"&&aoSetHessian () O0*1"-7,/"

9 (ADVANCED) Constraints:
— Set bound constraints " # $# $

— Define nonlinear constraints %($) & ' ( %($) )
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TAO: User Function

9 Objective evaluation:
I C(54)1"& ! "#3,1&30@#&

O Sensitivity analysis:

I C(54)1"& 9 & %! ,1&30@#&
9 (ADVANCED) Second-order Methods:

| C(54)1"& . & %! ,1&$0@#&

I X2"&&aoSetHessian () O0*1"-7,/"

9 (ADVANCED) Constraints:
— Set bound constraints " # $# $

— Define nonlinear constraints %($) & ' ( %($) )
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Sensitivity Analysis: Numerical Differentiation

Obijective

| "HEHOUE)) & &S+&,-&%./(,#0,8102,%/ #-34&-&$%
5 6$42,*&78#*&0,)8$+%#/$,&91481%#/$0

| $&))H+HES%,)/*,41%,8,$8-<&*0,/),13%H-#=1%#/$,91*#1<4&0

| >0%&DH=&,(#4&--15 %*8S+1%#/$,&**/*,90?,08<%*1+%#9&,+1$+&441%#/$

| @A6,3*/9#(&0,18%/-1%#+,"B,;*1(#&3$%,1$(,C&00#1$,&91481%#/$0
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Sensitivity Analysis: Analytical Differentiation

Symbolic

Differentiation “

Algorithmic m

Differentiation

| 1"H$0%6&'( 5.18( ' (&*HI&(,*1(#&$%,H#%.,
(H*8+% ,+/(& #-34&-8$%1Yo#$

| )&%+ -#( 5 0/8*+&,+/(&,
0%6*1$0)/*-1%#/$,/* /3&*1%/* I9&*4I1(#$:,
O#1 AB,%//414#<*1%2 E#?&72],+.1#%,*84&KF

| D/-38%1%#/$14,+/0%,#0,E-/0%A2F #$(8&38$(8$%.,/),%.8,$8-<&* /),/3%#-SEHIBH#/E,0
| >/-&,3/3841* AB,%//40G

- ADIC (ANSI C) - Sacado (C/C++)
- ADIFOR (Fortran77/Fortran95) - ForwardDiff.jl (Julia)
- OpenAD (Fortran77/Fortran95/C/C++) - JAX (Python)
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TAO: Bound Constraints

O E=,1&07&<"&<,*1"+&1(&-"21-0/1&1="&2(6)10(*&@,-0,'6"2Z

- .. VecDuplicate (X, &XL);
minimize f (x) VecSet (XL, PETSC_NINFINITY);
X VecDuplicate (X, &XU);

. VecSet (XU, 0. 0);
SUbJeCt tO X| I X I Xu TaoSetVariableBounds  (tao, XL, XU);

9[)21&)2"&'()*+ D(*21-,0*"+&S0I&,6$(-01=52
— TAOBNLSBounded Newton Line-Search
— TAOBNTRBounded Newton Trust Region
— TAOBQNLSBounded quasi-Newton Line-Search
— TAOBNCBounded Nonlinear Conjugate Gradient

Py

-_—
\\ ) EXASCAHALE
) COMPUTING

PROJECT

20 ATPESC 2021, August 1 - 13, 2021 \(




TAO: General Nonlinear Constraints

OV/(-4(-,1"&,66&/(*21-,0¥1&1.4"2
mini)[nize f (x)

subjectto ce(x)=0
G (X) 0

;" x" Xy

* Must use TAOALMMolver
— Augmented Lagrangian method w/ interior-point formulation for inequality constraints

* Define constraints with user call-backs

I FormEqualityConstraints ( Tao,Vec,Vec,void *) 1 TaoSetEqualityConstraintsRoutine 9§
I FormEqualityJacobian ( Tao,Vec,Mat,Mat,void *) 1 TaoSetJacobianEqualityRoutine 9§
I ForminequalityConstraints ( Tao,Vec,Vec,void *) 1 TaoSetlnequalityConstraintsRoutine §)
I ForminequalityJacobian ( Tao,Vec,Mat,Mat,void *) 1 TaoSetJacobianlnequalityRoutine §)
_—
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Hands-on Example: 2-dimensional Rosenbrock

minimize  f(p)=(1 ! p1)*+100(pz! pi)*

2500
2000
* Global minimum at $ & *+(+, 1500

1000

500

« Also called the “banana function”
« Canonical test problem for optimization algorithms

« Easy to find the valley, difficult to traverse it towards
the solution
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Hands-on Example: Multidimensional Rosenbrock

Nt 1
minignize f(p) = (1! pi)?+100(pis1 ! p?)?
=1

Global minimum at $5& +(- . & +( (0 (1

Implementation supports parallel runs and provides analytical gradient and sparse Hessian
I Simulation-based / HPC apps. would use algorithmic differentiation

TAO can compute sensitivities via finite-differencing when analytical derivatives are not available

I Convenient for prototyping or debugging
I Computationally expensive for large optimization problems or expensive objectives

Hands-on Activities:

https://xsdk-project.github.io/MathPackagesTraining2021/lessons/numerical optimization tao/
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https://xsdk-project.github.io/MathPackagesTraining2021/lessons/numerical_optimization_tao/

Hands-on Example: 2D Rosenbrock w/ Constraints

minimize  f (p) = (L ! p1)* +100(pz! p1)°

subjectto (pi! 1)2+ p2! 3=0
p." 0
P2 #0

* Bound-constrained global minimum at 2(' ( ) & +

« Equality-constraints have two local minima
« 2(3'H// (' B7) & | B/
« 2(+&/ (/&) &' ®7

« Combined constraints yield global minimum at
23" &/ (' 67) & | &/

* Constraints are not valid for the multidimensional
Rosenbrock problem
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Take Away Messages

I LM@>H®A6,/))&*0,31*144&4,/3%#-#=1%#/$,14,/*#%.-0,)/*,011,8&,3*/<4&-07?

| M))#+#&$%, *1(#&$%0,1*&, $&&(&(,)/*,<&0% *&084%0,E&?: 2, 14:/*#% - #+ (EDAILSYo#1%#
0&+/$( ' 1*(&*, -&%./(0,(/$N%,14H120, 1+ #&98&,)10%&*|<&%%&*,0/48%#/$07?

| LM@>+@A6,+1$,18%/-1%#+1442 +/-38%&, *1(#&$%60, 041 JHSHY &, (#)) &*&$+#$: ?
| LM@>+H@AB,+1$,#3+/*3/*1%&,</8$(J,&7814#%2, 1$(,#$8&7814#%2, +/$0%*1#$%0, #$%?,%.8&

I O/0%,0+#&3%#)#+,3*/<4&-0,1*&,$/P4#$&1*,1$(,$/$+/$9&P???,0%1*%#3$;,3/#$%,-1%%&*OF
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